Motivated by a recent finding of a spin-flop phenomenon in a system without anisotropy in spin space reported in the S = 1/2 Heisenberg antiferromagnet on the square-kagome lattice, we study the S = 1/2 Heisenberg antiferromagnets on two other lattices composed of vertex-sharing triangles by the numerical diagonalization method. One is a novel lattice including a shuriken shape with four teeth; the other is the kagome lattice with √ 3 × √ 3-structure distortion, which includes a shuriken shape with six teeth. We find in the magnetization processes of these systems that a magnetization jump accompanied by a spin-flop phenomenon occurs at the higher-field-side edge of the magnetization plateau at one-third the height of saturation. This finding indicates that the spin-flop phenomenon found in the isotropic system on the square-kagome lattice is not an exceptional case.
Introduction
In magnetization processes of magnetic materials, each material shows various behaviors as its characteristics. One of such macroscopic behaviors is the magnetization jump. There are several microscopic origins of this jump. As a trivial case, a ferromagnetic system shows a jump in its ground-state magnetization process when the external field is changed from negative to positive values in a fixed direction. The same type of jump in magnetization occurs in a ferrimagnetic system. 1 There is no change in lines along microscopic spin directions between the state under a negative field and that under a positive field. As another origin of the jump, a spin-flop phenomenon [2] [3] [4] is widely known; the phenomenon is the occurrence of an abrupt change in lines along microscopic spin directions while the states change owing to the increase in magnetic field. We distinguish the type of magnetization jump in the ferromagnet and ferrimagnet mentioned above from the spin-flop phenomenon. It is generally understood that this phenomenon occurs when a certain anisotropy essentially exists in a magnetic system. One of the notable experimental realizations of such a spin-flop phenomenon is CsCuCl 3 , whose magnetization jump is explained by the mechanism based on the spin-flop phenomenon due to the spin anisotropy of the system.
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Under these circumstances, on the other hand, a recent investigation 6 showed that a spin-flop phenomenon occurs in the S = 1/2 Heisenberg antiferromagnet on the square-kagome (squagome) lattice shown in Fig. 1(a) despite the fact that the system has no anisotropy in spin space. This finding became a counterexample to a general understanding of the spin-flop phenomenon. Unfortunately, it is unclear whether this behavior of the model is an exceptional and rare behavior of an irregular model or a general phenomenon that is * E-mail: hnakano@sci.u-hyogo.ac.jp † E-mail: sakai@spring8.or.jp ‡ E-mail: hasegawa@sci.u-hyogo.ac.jp observed in various systems sharing a spin-isotropic feature. Hereafter, the models that we consider in this study are limited to systems including Heisenberg-type interactions only. This lattice was originally introduced in Ref. 7 from the viewpoint of the relationship between the spin model on this lattice and the eight-vertex model. A numerical study of the antiferromagnet on this lattice was also reported in Refs. 8 and 9. The lattice shares several characteristics with the kagome lattice; however, Ref. 6 showed that there is a distinct different behavior between the T = 0 magnetization process of the antiferromagnet on the lattice shown in Fig. 1(a) and that of the kagome-lattice antiferromagnet at approximately the one-third height of the saturation, particularly at the higher-field edge of this height. Therefore, the finding of the spin-flop phenomenon in the Heisenberg antiferromagnet on the square-kagome lattice requires us to reexamine our understanding of the mechanism underlying the spin-flop phenomenon.
Under the above mentioned circumstances, it is important to examine whether a spin-flop phenomenon also occurs in the spin-isotropic antiferromagnet on other lattices. If it is confirmed, one finds that a spin-flop phenomenon of spin-isotropic antiferromagnets is not a rare occurrence in the square-kagome-lattice antiferromagnet. In this paper, then, let us consider the lattices shown in Figs. 1(b) and 2.
The purpose of the present study is to present the second and third examples of the spin-flop phenomenon of spin-isotropic antiferromagnets. The examples are important because they possibly lead to clarifying the mechanism of the spin-flop phenomenon and to our deeper understanding of the frustration effect in quantum systems.
The paper is organized as follows. In the next section, the model Hamiltonian and the calculation method are explained. The third section is devoted to the presentation and discussion of our main results. In the final section, the conclusion and future prospects are given.
Model Hamiltonians and Method
As mentioned above, we consider the lattices illustrated in Figs. 1(b) and 2. In comparison with the situation that the square-kagome lattice shown in Fig. 1(a) includes a shuriken structure formed from four equivalent regular triangles in its unit cell, the lattice α β shown in Fig. 1(b) also includes the same shuriken structure, 6 but the network in the two-dimensional plane is different from that in the square-kagome lattice. As a consequence, the lattice shown in Fig. 1(b) includes three shurikens in its unit cell. If one replaces each shuriken with a simple bond, one can obtain the honeycomb lattice [see Fig. 1(c)] ; therefore, let us call the lattice shown in Fig. 1(b) the shuriken-bonded honeycomb (SBH) lattice hereafter, because the antiferromagnet on this lattice has not been investigated to the best of our knowledge. Note here that the SBH lattice is also related to the ordinary kagome lattice because the latter is reproduced from the SBH lattice when each shuriken in the SBH lattice is replaced by a simple vertex at the center of the shuriken and when one links all the nearest-neighbor pairs of new vertices after the replacement. In the SBH lattice, there are eighteen vertices in each unit cell. Vertices are divided into three groups: one is a vertex of the square inside a shuriken and a vertex of the hexagon, another is a vertex of the square and a vertex of the dodecagon, and the other is a vertex of the hexagon and a vertex of the dodecagon; hereafter, let us call the vertex sites in these groups the α 6 , α 12 , and β sites, respectively. Note here that each vertex is shared by the neighboring two triangles; thus, we have the coordination number as z = 4 in the SBH lattice; the characteristics are similar to those of the ordinary kagome lattice and the square-kagome lattice.
On the other hand, the lattice in Figs. 2(a) and 2(b) is obtained by a tuning of the interaction strength at the red thick bonds in the ordinary kagome lattice. The tuning leads to the so-called √ 3 × √ 3 distortion. Each unit cell includes nine vertices, six of them form a red thick hexagon. The hexagon is accompanied by six triangles in sharing their edges; the hexagon with the six triangles seem to form another type of shuriken with six teeth, 10 in contrast to the shuriken with four teeth in the SBH lattice shown in Fig. 1(b) . Owing to the distortion, vertices become divided into two groups: one is a vertex of a hexagon and one is not. Hereafter, let us call the vertex site in the former (latter) group the α (β) site. The magnetization process of the antiferromagnet on this √ 3 × √ 3-distorted kagome lattice was first described in Ref. 11, in which a similar backbending behavior in the finite-size magnetization process was observed at the higher-field edge of the one-third height of the saturation. Unfortunately, it was not able to examine whether the behavior is an artifact due the finite-size effect or a truly thermodynamic behavior within the limited system sizes treated in Ref. 11 . In the present study, then, we carry out calculations of a larger cluster and obtain the magnetization process together with the information of local magnetizations, by which we tackle the backbending behavior of the antiferromagnet on the √ 3 × √ 3-distorted kagome lattice. The Hamiltonian that we study in this research is given by H = H 0 + H Zeeman , where
for the model on the lattice shown in Fig. 1 (b) and
for the model on the distorted kagome lattice shown in Fig. 2 . Let us emphasize here that H 0 is isotropic in spin space. H Zeeman is given by
Here, S i denotes the S = 1/2 spin operator at site i illustrated by the vertex in Figs We calculate the lowest energy of H 0 in the subspace belonging to j S z j = M by numerical diagonalizations based on the Lanczos algorithm and/or the householder algorithm. Here, M takes an integer from zero to the saturation value M s (= SN s ). The energy is denoted by E(N s , M ). To achieve calculations of large clusters, a part of Lanczos diagonalizations has been carried out using the MPI-parallelized code, which was originally developed in the study of the Haldane gaps. 12 The usefulness of our program was confirmed in large-scale parallelized calculations.
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For a finite-size system, the magnetization process is determined by the magnetization increase from M to M + 1 at the field
under the condition that the lowest-energy state with the magnetization M and that with M + 1 become the ground state in specific magnetic fields. When the lowest-energy state with the magnetization M does not become the ground state in any field, the magnetization process around the magnetization M is determined by the Maxwell construction.
Results and Discussion

Shuriken-bonded honeycomb lattice
First, we examine the magnetization process of the antiferromagnet on the shuriken-bonded honeycomb lattice shown in Fig. 1(b) . Note here that the treated system sizes are N s = 18 and 36. Figure 3 shows the results of the T = 0 magnetization process. The major characteristics appear at the two-third and one-third heights of the saturation.
At the two-third height of the saturation, the magnetization plateau is accompanied by a clear jump from this height to the saturation. A similar jump is known in the ordinary kagome-lattice and square-kagome antiferromagnets. The mechanism of the jump in the kagome-lattice antiferromagnet is clarified by explicit eigenstates forming a spatially localized structure at hexagons of the kagome lattice discussed in Ref. 15 . The same mechanism also holds in the square-kagome-lattice antiferromagnet; the examination was reported in Ref. 9 .
At the one-third height of the saturation, a clear magnetization plateau is observed regardless of system size. An important observation is the existence of the magnetization jump at the higher edge of this height in the case of N s = 36. The jump is not observed in the case of N s = 18 because the resolution may be low owing to the smallness of the system size.
To clarify the relationship between the magnetization jump observed in the case of N s = 36 and the spin-flop phenomenon, let us examine the local magnetization for both N s = 18 and 36. The local magnetization is evaluated as
where ξ takes α 6 , α 12 , and β. Here, the symbol O denotes the expectation value of the operator O with respect to the lowest-energy state within the subspace with a fixed M of interest. Note that the average 16 over ξ is carried out in the case of degenerated ground states for some values of M . For M with nondegenerated ground states, the results do not change regardless of the presence or absence of the average. The result is given in a plot as a function of M in Fig. 4 . At least in the realized ground states, it is considered that deviations due to the difference in system size are small and that the differences between α 6 and α 12 are also small. One observes in the range of 0 ≤ M ≤ 1 3 M s that the local magnetizations at α 6 and α 12 sites are maintained close to zero while the local magnetization at the β site increases linearly with respect to M . At M/M s = 1/3, the β site reveals almost a full moment in contrast to the almost vanishing moments at the α 6 and α 12 sites. In the range of are zero at the α 6 and α 12 sites, the classical intuitive image of spin configuration at M = 1 3 M s is the upside-down T structure, 6 i.e., two spins at α 6 and α 12 sites are antiparallel in the x-y plane and three spins at α 6 , α 12 , and β sites are in the same plane. Another possibility is that one of the α 6 and α 12 spins is up and that the other spin is down with respect to the z-direction. In this spin configuration, the vanishing moment is a consequence of the average of up-spins and down-spins over shurikens. In both cases of the configurations in the α 6 and α 12 spins at M = M s , if one takes the quantum nature into account, it is considered that a quantum spin singlet state, including both the configurations of the α 6 and α 12 spins mentioned above, is realized at a local part of two α 6 -site spins and two α 12 -site spins forming a square inside a shuriken. Although there are two singlet states in the isolated four-spin system, it is an open issue as to which of the two is the singlet in the state at M = 1 3 M s , which should be tackled in future studies.
Distorted kagome lattice
Next, we examine the magnetization process of the antiferromagnet on the √ 3× √ 3-distorted kagome lattice. We treat system sizes of N s = 27 and 36, as shown in Figs. 2(a) and 2(b) , respectively. Figure 5 shows the result of the T = 0 magnetization process. In the present study, let us focus our attention on the behavior around the higher-field edge of the one-third height of the saturation because the brief behavior in the whole range of the magnetic field is discussed in Ref. 11 . A magnetization jump is clearly observed at the one-third height not only for N s = 27 but also for N s = 36, although the behavior has already been detected for N s = 27, as reported in Ref. 11 . This result regardless of the system sizes suggests that the jump survives in larger systems. It is, therefore, reasonable to consider that the jump is not an artifact owing to the finite-size effect but an intrinsically thermodynamic behavior.
We examine in this subsection the behavior of M s , α spins form a quantum-mechanical singlet including two neighboring α spins that are antiparallel to each other. Since there is a difference in the number of α-site spins between the SBH lattice and the √ 3 × √ 3-distorted kagome lattice, the singlet is realized from six spins in the √ 3 × √ 3-distorted kagome lattice; the situation is more complicated. Although a difference exists, the brief behavior of spins in the case of the √ 3× √ 3-distorted kagome lattice is common to the cases of the square-kagome lattice and the SBH lattice.
To confirm the spin direction argued above, let us consider the correlation functions S Table I . Correlation functions for Ns = 27 cluster at J B /J A = 1.25. We select a pair of sites i and j so that the distance between these sites is the largest in this cluster.
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of sites, namely, α or β. It is difficult in such studies as the present one based on numerical-diagonalization calculations to realize a situation that these conditions are satisfied completely. Even in this situation, it is helpful to observe data of correlation functions S when i and j in the same group are the most distant in finite-size clusters. The N s = 27 cluster is this case in the present study. 17 The most distant pair in the N s = 27 cluster is illustrated in Fig. 2(a) . Table I shows results for the two cases of M around the magnetization jump. At M = These results suggest that an α-site spin also leans from the z-axis. These leans of α-and β-site spins are consistent with the state of the umbrella-type suggested from the discussion based on the local magnetizations. Note that these results for the single N s should be reexamined in future studies from the viewpoint of system-size dependences.
Finally, let us investigate the region of an interaction parameter where the magnetization jump appears in the magnetization process of the antiferromagnet on the √ 3 × √ 3-distorted kagome lattice. Recall here that it has already been pointed out that the region is narrow for N s = 27 in Ref. 11 . To clarify the region, we evaluate (6) at M = (1/3)M s . If the quantity f is negative, the backbending behavior is realized before the Maxwell construction is carried out. The result is shown in Fig. 7 . The region is 1.21 < ∼ J B /J A < ∼ 1.35 and 1.10 < ∼ J B /J A < ∼ 1.28 for N s = 27 and 36, respectively. The widths of the two regions are almost the same; it becomes larger when the system sizes are increased. This behavior of the width suggests that the region survives in the thermodynamic limit. Another interesting feature is that the region of N s = 36 is closer to the undistorted kagome point of J A = J B than that of N s = 27. At the present stage, it is difficult to examine what the difference in the position of the region means because the height of the unstable state of M = [18] [19] [20] [21] proposed in the kagome-lattice antiferromagnet: the continuity is observed not only in the magnetization but also in its gradient. It is worth emphasizing that the region at J B /J A ∼ 1.2 where the magnetization jump appears owing to the spin-flop phenomenon is located very close to the undistorted point J B = J A at which the continuous behavior is realized. The relationship between the two cases will be clarified in future studies. Near the undistorted point J B = J A , another ferromagnetic phase of the non-Lieb-Mattis type is known to be realized 22, 23 owing to a distortion of a different type. Further investigations from various viewpoints are required to understand much better the physics of the undistorted point J B = J A .
Conclusion and Remarks
We have studied the Heisenberg antiferromagnet on the two types of two-dimensional lattices, the kagome lattice with distortion and the shuriken-bonded honeycomb lattice, by the numerical diagonalization method. The magnetization processes of these models have been investigated. Our particular interest is the behavior at the one-third height of the saturation, where we detect the magnetization jump at the higher-field edge at the height. We successfully confirm that the jump occurs as a consequence of the spin-flop phenomenon from the analysis of local magnetizations and correlation functions. 24 The present result indicates that such a spin-flop phenomenon is not just a rare incident in the square-kagome-lattice antiferromagnet but occurs in other various cases despite the fact that all these systems are isotropic in spin space. The present result also clarifies that not only the shuriken structure with four teeth is a trigger but a different shuriken structure with six teeth also induces the spin-flop phenomenon. In the magnetization process of the Heisenberg antiferromagnet on the Cairo pentagon lattice, 25, 26 a similar behavior of magnetization jump appears. Since this lattice does not include the structure of triangles in it, it is an interesting example, and the results will be reported in separate papers.
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Jumps in the magnetization process are observed in several cases within the isotropic quantum Heisenberg antiferromagnets. One is the one-dimensional case in Ref. 29 . The origin of the jump is also magnetic frustration; however, it is presently unclear whether a spin-flop phenomenon occurs because the local moment and other microscopic information about the spin state have not been investigated. Other cases of the magnetization jump are two finite-size systems of the Heisenberg clusters on an icosahedron 30 and a dodecahedron. 31 However, one cannot increase the number of spins systematically to that of an infinite system within the condition that one considers regular polyhedra. In this sense, it is difficult to compare the results of the present cases and the finite-size clusters on polyhedra. The jump of the icosahedron system appears only for a large spin amplitude of S = 4, whereas no jump is observed in the case of S < 4. Investigations of the present antiferromagnets of larger-S spins might be helpful for capturing the relationship between these cases. It is also known that magnetization jumps appear below M/M s ≤ 1/2 in the magnetization process of the Shastry-Sutherland model in a strongly dimerized case.
32 Magnetization jumps can also appear when other spin-isotropic interactions are added to the isotropic quantum Heisenberg antiferromagnets. In Refs 33 and 34, the jumps and the spin structure when the multiple-spin exchange interactions exist in addition to the Heisenberg triangular-lattice model are reported. Reference 35 clarified the appearance of the jump in the bilinear-biquadratic model on the pyrochlore lattice when the biquadratic terms are switched on. Thus, one finds that there are various origins of the magnetization jumps even though the system is isotropic in spin space.
It has been clarified that magnetization jumps due to the spin-flop phenomenon occur more generally in frustrated quantum spin systems without anisotropy in spin space than we thought, even in fundamental cases composed of only Heisenberg interactions. The present models are typical ones among them. The present results strongly suggest a reconsideration of the mechanism underlying the spin-flop phenomenon. Further investigations of the spin-flop phenomenon and the magnetization jump would contribute much to our understanding of the frustration effect in magnetic materials.
